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Abstract 

For a graph G, the independence number a{G) is the size of a 
largest independent set of G. The maximum degree of the vertices of 
G is denoted by A(G). We show that for any 1 < A: < n, any connected 
graph G on n vertices with A(G) = k has 



n — 1 



k 



< a{G) < n 



n — 1 



k 



(N 
> 

.^ \ and that these bounds are sharp with the exception that when k divides 

lO ' n — 1 and G is neither a complete graph nor a cycle, the sharp lower 

t^^ ■ bound is '^ — h 1. From this we immediately obtain sharp bounds for 

^^ \ the independence number of any finite graph. Our proof provides an 

efficient algorithm for constructing an independent set of G whose size 

is at least the lower bound for a{G). 



X. 

c^ . 1 Introduction 



Throughout this paper, unless otherwise stated, we shall use capital let- 
ters such as X to denote sets or graphs, and small letters such as x to 
denote elements of a set or positive integers. For any integer n > 1, [n] 
denotes the set {1, ...,n} of the first n positive integers. For a set X, the set 
{{x, y}: x,|/ G X, X 7^ y} of all 2-element subsets of X is denoted by (2)- 
In this paper all sets (and graphs) are assumed to be finite. 

A graph G is a pair (y{G)^ E{G)), where V{G) is a set, called the vertex 
set of G, and E{G) is a subset of ( 2 ) and is called the edge set of G. If 



{v, w} is an edge of G, then the vertices v and w are said to be adjacent {in 
G), and we say that w is a neighbour of v {in G) and vice- versa. If any two 
vertices of G are adjacent (i.e. E{G) = ( 2 ))' then G is said to be complete. 
An edge {v, w} is said to be incident to a vertex xiix = voTX = w. 

A subset / of V{G) is said to be an independent set of G if no two vertices 
in I are adjacent in G. The independence number of G, denoted by a{G), is 
the size of a largest independent set of G. 

A subset D of V{G) is said to be a dominating set of G if every vertex 
not in D is adjacent to a vertex in D. Thus, a subset of V{G) is a maximal 
independent set of G (i.e. an independent set that is not a subset of any 
other one) if and only if it is an independent dominating set. So a largest 
independent set is a dominating set. For more on domination, see [2j. 

For any v G V{G), Ng{v) denotes the set of neighbours of v in G, and 
dG{v) denotes the degree of v in G, i.e. the size of Ng{v). The maximum 
vertex degree m.ax{dG{v): v G V{G)} is denoted by A{G). 

A graph H is said to be a sub- graph of a graph G if V{H) and E{H) are 
subsets of V{G) and E{G), respectively. For W C V{G), we denote by G\W] 
the sub-graph of G induced by W, i.e. G[W] = {W,E{G) r]{^)). 

If r > 2 and Vi,V2, ■■■,Vr are the distinct vertices of a graph P with 
E{P) = {{vi,Vi+i}: i G [r — 1]}, then P is called aviVr-path or simply a path, 
and we represent P by {vi, V2, ...,Vr). If r > 3 and vi, V2, ..., Vr are the distinct 
vertices of a graph C with -E'(C) = {{^^i, V2}, {^2, "^s}, •••5 {vr~i, Vr}, {vr, Vi}}, 
then G is called a cyc/e, and we represent G by (fi,f2, ...,fr')- 

A graph G is said to be connected if for any two distinct vertices v and 
w oi G, G has a f w-path as a sub-graph. A component of G is a maximal 
connected sub-graph of G (i.e. a connected sub-graph of G that is not a 
sub-graph of any other one). It is easy to see that if Gi and G2 are distinct 
components of a graph G, then Gi and G2 have no common vertices (and 
hence no common edges). 

In this paper we provide a sharp (i.e. attainable) lower bound and a sharp 
upper bound for the independence number of a connected graph in terms of 
the maximum vertex degree. From this we immediately obtain sharp bounds 
for the independence number of any graph. Our proof of the lower bound 
provides an efficient algorithm for constructing (from the given graph) an 
independent set whose size is at least the lower bound. 

2 A sharp upper bound for a{G) 

A trivial sharp upper bound for the independence number is given by a{G) < 
\V{G)\—6{G), where ^{G) is the minimum degree of the vertices of G. Indeed, 



if f is a vertex in an independent set / of G, then the neighbours of v (of 
which there are at least 5{G)) are not in /. 

We now give a sharp upper bound for the independence number of a 
connected graph in terms of the number of vertices and the maximum degree 
A(G'), an immediate consequence of which is a sharp upper bound for the 
independence number of any graph (see Corollary [51 



Theorem 2.1 Let 1 < k < n, where n = 2 if k = 1. For any connected 
graph G on n vertices with A{G) = k, 



n 



{k-l)n + l 
k 



a(G) <n- 

Moreover, the bound is sharp. 

Remark 2.2 A connected graph G with A(G) = 1 can only consist of two 
vertices and an edge connecting them. This is why in the above theorem we 
have the condition that n = 2 ii k = 1. 

We start the proof of Theorem 12. II by making the following observation. 
Lemma 2.3 /// is an independent set of a graph G, then 

J2 dG{v)>\E{G)\. 

vi^V(G)\I 

Proof. For each v G V{G), let A^ be the set of those edges of G that are 
incident to v; so \Ay\ = ddv). Since / is independent, no edge of G has 
both vertices in /; in other words, each edge of G has at least one vertex in 
V{G)\I. So E{G) = [JveV(G)\i ^v- We therefore have 



1^(^)1 



u ^^ 

vev{G)\i 



v£ViG)\I v€ViG)\I 



as required. 
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Corollary 2.4 /// is an independent set of a connected graph G on n ver- 
tices, then 

y dciv) > n — I. 

v€ViG)\I 



Proof. A connected graph G on n vertices has at least n — 1 edges because if 
a graph G2 is obtained by removing an edge from a graph Gi having exactly 
c components, then clearly G2 has at most c + 1 components, and so we need 
to remove at least n—1 edges from the 1-component graph G to obtain the 
n-component graph consisting of the vertices of G and no edges. The result 
now follows by Lemma [2.31 □ 

Proof of Theorem 12.11 Let G be a connected graph with |V^(G')| = n 
and A(G') = k. Let / be a largest independent set of G. By Lemma [2 ■4[ 

n-l< Yl dG{v)< Yl k=\V{G)\I\k = {n-\I\)k. 

v<^V{G)\I v€V{G)\I 

So \I\ < n — (^^)- Since |/| is an integer and |/| = a{G), we get a{G) < 
n — 1"^^] as required. 

We now prove that the upper bound is sharp. Consider the following 
construction. 

Construction 2.5 We define a graph Un^k as follows. Let j = \^^~\ ■ So 

kj = n — 1 + r ioT some integer r such that < r < fc — 1. Also, j > 1 
since 1 < k < n. Let m = 1 + j{k — 1) — r; so m = n — j. For each 
i G [m], let Vi := i. For each / G [j], let wi = m + I. Let In^k = {f « : « G [m]} 
and Jn,k = {wr. I G [j]}; so In,k = [m] and J„.,k = N\4,fc- If j > 2, 
then let Fp = {{vi+^p^i)(k-i)+i,Wp}: < i < A; - 1} for each p e [j - 1]. 
Let Fj = {{fi+(j_i)(fe_i)+j, Wj} : 0<'i<A; — 1 — r}. Take Un,k to be the 
(bipartite) graph with V{G) = In,k U Jn,k = [n] and E{Un,k) = FiU ... U Fj. 

If a graph S has a vertex v* such that E{S) = {{v*, v}: v ^ V{S)\{v*}}, then 
5* is called a star with center v*. Thus, for any p G [j], the edges in Fp form 
a star sub-graph Sp of Un,k with center Wp, and if p < j — 1 then ^(Sp) fl 
V{Sp+i) = {vi+p^k-i)} (since {wi+p(fc_i), Wp} G Fp and {t;i+p(fe_i), Wp+i} G 
Fp+i). So ?7„^fc is a connected graph because stars are connected graphs, ev- 
ery vertex of Un,k is a vertex of at least one oi Si, ..., Sj, and Sp is connected 
to Sp+i via fi+p(fc_i) for any p G [j]\{j}. Thus, since A{Un,k) = ddwi) = k 
(note that if j = 1, then n = k + 1 and r = 0), the upper bound we proved 
above gives us Q:{Un,k) < n — ["^^1 • Now, by construction, In^k is an inde- 
pendent set of Un^k of size n — j"-^^] • Therefore, a{Un,k) = 1""^^] • ^ 

A graph that consists of only one vertex is called a singleton. For any 
graph G, we denote the set of non-singleton components of G by C{G). 



Corollary 2.6 If G is a graph on n vertices, then 

■\V{H)\-l 



a{G) < n 



E 

HeC{G) 



AiH) 



and equality holds if for any H G C{G), H is a copy of U\v{h)\,a{h)- 

Proof. Let s be the number of singleton components of a graph G. If 
C{G) = then a{G) = s = n. Suppose C{G) ^ 0. By Theorem 12. ![ for any 

H e C{G) we have a{H) < \V{H)\ - P^^^jj"^ . Now clearly 



a 



H€C{G) H€C{G) ^ 



\ViH)\-l 
A{H) 



s+ J2 \nH)\- E 

HeC{G) HeC{G) 



\ViH)\-l 
A{H) 



n 



E 

HeC{G) 



\ViH)\- 
A{H) 



and by Theorem 12. ![ equality holds throughout if each H G C{G) is a copy 



oiUi 



V{H)\,A(H)- 
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We mention that there other upper bounds in the literature; for example, 
in [3] an upper bound for a{G) in terms of the eigenvalues of the Laplacian 
matrix of G is given. 



3 A sharp lower bound for a{G) 

Caro pj and Wei [3] independently obtained the following classical lower 
bound for a{G): 

a{G)> E ^ 



v&V(G) 



dGiv) + l' 



\ViG)\ 



So a{G) > Lq)^-^ and hence, since a{G) is an integer, a{G) > mg)+i 
but this is also an immediate consequence of the fact that any vertex in a 
maximal independent set I oi G has at most A{G) neighbours (not in J) 
and that, since / is a dominating set (see Section [1]), V{G) consists of the 
vertices in / together with their neighbours. This bound is attained by a 
graph G with c components, each of which is a complete graph on k + 1 
vertices; clearly such a graph has |^(G)| = c{k + 1) = a{G){A{G) + 1). 
We now show that for a connected graph G, the lower bound a{G) > 



\V{G)\ 
A(G)+1 



improves to a(G) > 



\ViG)\-l 
A(G) 



and if G is neither a complete 



graph nor a cycle, then a{G) > 



\V{G)\ 
A(G) 



these new bounds are sharp. It is 



worth pointing out that a maximal independent set of a connected graph G 



may be of size less than 
at least 



\V(G)\-1 



\V{G)\~l 
A(G) 



A(G) 

elements). 



(only a largest one is guaranteed to have 



Example 3.1 If m > 1 and G is the graph with V{G) = [4m + 2] and 
E{G) = {{i,{i + j) mod n}: i G [n],j G [m]}, then G is connected, A(G) = 
2m, and {1, 2m + 2} is a maximal independent set of G of size 2 < 



\ViG)hl 
A{G) 



The proof of our result provides an efficient algorithm for constructing an 



independent set of size at least 
yields an efficient (but longer) a. 
of size at least mg) 



from a connected graph G. It also 



\ViG)\-l 
A(G) 

, gorithm for constructing an independent set 

for the case when G is neither a complete graph nor a 

cycle (see SectionH]). The case when A(G) divides |V"(G)| — 1 is significantly 
more challenging than the complementary case. 



Theorem 3.2 Let 1 < k < n, where n = 2 if k = 1. 

(a) For any connected graph G on n vertices which has A{G) = k, 



a{G) > 



n 



k 



Moreover, if k does not divide n — 1, then the hound is sharp. 

(h) If k divides n — 1, then for any connected graph G on n vertices which 

has A{G) = k and is neither a complete graph nor a cycle. 



n — 1 

a(G)> ^— + 1. 



k 



(2) 



Moreover, the hound is sharp. 



Proof. We will first prove ([T]), then ([2j), and finally the sharpness in both 
(a) and (b). 

Step 1: Proof of (QP- Since A(G') = k, there is a vertex Vi of G with 
\Ng{vi)\ = k. Let h = {vi} and Vi = {vijUNdvi). So \Vi\ = l + lNdvi)]. 

Suppose V{G) 7^ Vi. Then, since G is connected, there is a vertex V2 in 
V{G)\Vi that is adjacent to some vertex pi in Vi (otherwise there is no path 
from a vertex in Vi to a vertex in V{G)\Vi). Since V2 ^ Vi and Ng{vi) C Vi, 
V2 is not adjacent to vi. Let I2 = {^1,^2}, V2 = Vi U {^2} U Ng{v2) and 
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W2 = V2\14. So V2 = h^ Ng{vi) U Ng{v2) and ^2 = 14 U W2. Since pi 
is in both Vi and Ng{v2), we have 11^21 < |{^2} U Ng{v2)\ - 1 = |A^g(^^2)|- 
If y(G) = V2, then n = |1/i U IV'sl < 1 + |A/'G(t^i)| + |iVG(^^2)| < I + 2k, 
IJ2I = 2 = ^ > ^^^ and hence, since IJ2I is an integer, I/2I > T^T^l- Since I2 
is an independent set of G, a{G) > [^^l- 

Suppose V{G) 7^ V2. Then, since G is connected, there is a vertex ^3 in 
V{G)\V2 that is adjacent to some vertex p2 in V2. Since f 3 ^ V2 and Ng{vi) U 
Ng{v2) ^ V2, f3 is not adjacent to any of f 1 and t>2. Let /3 = {t>i, t>2, ^3}, V3 = 
^2 U {^3} U NgIvs) and W3 = l^3\'t^2. So I/3 = /s U Ng{vi) U A/'G(t;2) U A^'gI^^s) 
and V3 = V2Upy3 = ViUiy2UVF3. Since p2 is in both V2 and A^gI'^^s), we have 
iW^sl < 1(^3} U A'gI'^s)! ~ 1 = |-^g(^3)|- Repetition of this procedure stops 
when we obtain an independent set /„ of m distinct vertices Vi,V2, ■■■,Vm 
such that the set Kn = ^m U Ng{vi) U ... U Ncivm) = Vi U P^i U ... U W^ is 
the whole vertex set V{G), and this yields 



n = IK, 
Therefore, 

and hence ([T]). 



ViU[jW, 



i=2 



< (1 + A;) + ^ \NG{v.i)\ <l + mk. 



i=2 



Tl — 1 

l^ml =m> — — (3) 



Step 2: Proof of ^. We will use induction to prove ([T]) and ([2]) combined 
for graphs that are neither complete graphs nor cycles. So we prove that if 
a connected graph G on n vertices has A(G) = k and is neither a complete 
graph nor a cycle, then a{G) > [l] . Thus, let G be a connected graph that 
is neither a complete graph nor a cycle. By Remark 12. 2^ k >2. 

Consider first k = 2. Clearly a connected graph with maximum vertex 
degree 2 can only be a path or a cycle. So G is a path (ai, ..., an) and clearly 
{'^2(i-i)+i '■ i £ {I5 2, ..., ["l] }} is an independent set of G of maximum size; 
so a{G)= [f]. 

We now consider k > 3 and prove the result by induction on n. Consider 
the base case n = k + 1. Since G is not complete, dG{v) < k for some 
V G V{G), and hence G has a vertex w that is not adjacent to v. So {v,w} 
is an independent set of G of size 2 = [l] , and hence a{G) > \^~\ . 

Now consider n > k + 2. We apply the procedure in Step 1, which yields 
the independent set /„ = {vi, ...,Vm}- Since n>A; + 2, m>2by (^. Since 
Vm e Wm and |Wm| < \NG{vm)\, 1 < |VFm| < k. Let iJ = G[Kn_i] and 
n' = \V{H)\ = \Vm-i\. Then n' = n - \Wm\ (since Vm = V{G)) and iJ is a 
connected graph (by the procedure). Since dnivi) = dG^vi) = k, A{H) = k. 



Since A; > 3 and each vertex of a cycle has degree 2, H is not a cycle. Suppose 
H is complete. Then ra' = fc + 1 as A(if) = k. Since A(G) = /c, we also 
get that the neighbours in G of any vertex in Vm-i are the k other vertices 
in Vm-i, and hence no vertex in Wm is adjacent to a vertex in Vm-i, but 
then G is not connected, a contradiction. So H is not complete. We can 
therefore apply the inductive hypothesis to obtain a{H) > ["^1 • ^^ ^ ^^^ 
an independent set J of size at least ["y] . 

If k does not divide n — 1, then [l] = 1"^] and hence, by ([1]), a;(G) > 
1"^] . So suppose k divides n — 1. 

It is clear from Step 1 that the inequality \Im\ > -^^ in ([3]) is strict if 
and only if |P1/j| < A; for some i G {2,...,m}. Thus, if iVFil < k for some 
i G {2,...,m}, then |/m| > -^^ + 1 (since |Jm| is an integer and k divides 
n — 1) and hence a{G) > \^~\ . 

Now suppose \Wi\ = k for any i G {2,...,m}; so m = ^^ and n' = 
n — k. Suppose G has two non-adjacent vertices x and x' in IV^. Since 
each neighbour of each of the vertices in Im-i is in Vm-i, no vertex in Wm is 
adjacent to a vertex in Im-i- Thus, Im-i U {x,x'} is an independent set of 
G of size m + 1 = ^ + 1 = [f ] and hence a{G) > [f ] . 

Finally, suppose any two distinct vertices in Wm are adjacent in G. Then, 
since A(G') = k, each vertex in Wm has at most one neighbour in Kn-i as it 
has k — 1 neighbours in Wm- Since G is connected and Vm-i = V{G)\Wm, 
G has a vertex w in Wm that has a (unique) neighbour y in Kn_i (in fact, 
Vm does). Since y is adjacent to one of Vi, ...,Vm-i (by definition of Vm-i) 
and has at most k — 1 other neighbours, and since \Wm\ = k, there exists a 
vertex w' in py^ that is not adjacent to y. 

Suppose w' has no neighbour in Vm-i- Then J U {w'} is an independent 
set of G of size at least [^] + 1 = [^] + 1 = [^ _ fc^] + i. Since k 
divides n - 1, [^ - ^] = ^ and hence a{G) > ^ + 1 = [f ] . 

Now suppose ti;' has a neighbour y' in Vm-x- By choice of w', y' ^ y. 
Let if' be the graph obtained by adding {y, y'} to the set of edges of H (so 
H' = H ii {y,y'} is already in E{H)). H' is connected as H is connected. 
Since each of y and y' has at most k neigbours in G and at least one neighbour 
in Wm, we have dH'{y) < k and dn'iy') < k; so A{H') < A(G) = k. But 
A{H') > A{H) = k, so A{H') = k. Since k > 3, H' is not a cycle. 

Suppose H' is not complete. Then, by the inductive hypothesis, a{H') > 
\'^~\ and hence H' has an independent set J' of size at least |"y] . If y G 
J' then y' ^ J' (since {y, y'} G E{H')) and hence, since y' is the unique 
neighbour of w' in Vm-i, J' U {w'} is an independent set of G, from which 
we again obtain a{G) > [y] + 1 = [f ] . li y ^ J' then, since y is the 
unique neighbour of w in Vm-i, J' U {w} is an independent set of G and 



hence a (G) > [f ] . 

Now suppose H' is complete. Then n' = k + 1 since A(i7') = k. Since 
A(G') = A;, we also deduce that Nciy) = Vm-i\{v} for any v G Kra_i\{|/,|/'}, 
Nciy) = iV^-i\{y,y'}) U {«;} and Ndy') = iVm-i\{y , y'}) U {w'}. Thus, 
since |VFm| = ^ > 3, there exists a vertex w" in Wm that is not a neighbour 
of any vertex in Kn-i- So {|/,|/',w"} is an independent set of G of size 3. 
Now [fl = [^1 = [^1 = 3. So aiG) > [f ] . 

Step 3: Proof of the fact that the bound in (b) is sharp and that the 
bound in (a) is sharp when k does not divide n — 1. Consider the following 
construction. 

Construction 3.3 We define a graph L„ ^ as follows. Let j = [l] . Let 

Xj = {s G [n] : {i — l)k + 1 < s < ik} for each i G [j — 1], and let Xj = 
{s G [n] : (j — l)k + 1 < s < n}. For each i E [j — 1], let Cj = {ik,ik + 1} 
(so Ci is an edge with one vertex in Xj and the other in Xj+i). Now take 
r(L„,fe) = [n] and E(L„,fc) = (^2') U (t) U ... U (^^) U {d, ...,e,-i}. 

So L„ fc consists of j = [l] complete sub-graphs induced by the disjoint sets 
Xi,...,Xj, respectively, together with the j — I edges ei,...,ej_i, where e^ 
connects the complete sub-graph on Xj to the one on Xj+i. 

We are not concerned with the trivial case k = 1 since it gives us that k 
divides n — 1 and G must be the complete graph on 2 vertices. So consider 
k >2. Then L„ ^ is neither a complete graph nor a cycle. The edges incident 
to vertex k are {1, k}, ..., {fc— 1, k} and ei, and clearly A(L„fc) = dL„^.{k) = k. 
Let /„fc = {z G [j] : (i — l)k + 1}. For any i G [j], any independent set of 
Ln,k can have at most one vertex in Xj; so In,k is an independent set of 
Ln,k of maximum size and hence a{Ln,k) = [f ] • If k does not divide n — 1, 
then [|] = 1"^] and hence a{Ln,k) = \^]- If ^ divides n — 1, then 
[f 1 = "t^ + 1 and hence «(L„,fc) = ^ + 1. □ 

Remark 3.4 If G is a complete graph, then n = k + 1 and any vertex of G 
forms an independent set of G of size a{G) = 1 = ^^ = [^^] . If G is a cycle 
(fi,f2, ..., fn), then clearly {t>2(j_i)+i : i G {l,..., f^^]}} is an independent 
set of G of maximum size and hence a{G) = [^^]- Thus, by Theorem 13.21 
the only connected graphs which attain the bound in ([T]) with k a divisor of 
n — 1 are the cycles {k = 2) on an odd number of vertices and the complete 
graphs. 



Theorem l3.2l has the following immediate consequence, which has actually 
been proved in the proof of Theorem 13.21 itself. 



Corollary 3.5 // a connected graph G is neither a complete graph nor a 
cycle, then 

'\V{G)\- 



aiG) > 
and equality holds if G = Ln^k ■ 



AiG) 



As in Section [21 we denote the set of non-singleton components of a graph 
G by C{G) and we conclude this section with a lower bound for any graph. 



Corollary 3.6 If G is a graph on n vertices, then 

{A{H)-1)\V{H)\ + 1 



a{G)>n- J2 

H<^C(G) 



AiH) 



Proof. Let s be the number of singleton components of a graph G. Clearly 



a 



{G) = s+ Yl o.{H) = n- Y. 1^(^)1+ E "(^) 

HeC{G) HeC{G) HeC{G) 

\V{H)\-1 



>n- J2 \nH)\+ E 

HeC{G) HeC{G) 



H£C{G) 



A{H) 

\ViH)\-l 
A{H) 



(by Theorem I2.1[) 



and hence the result. 



D 



4 Constructing an independent set of size at 



least 



\ViG)\ 
AiG) 



In the following, we will refer to Step 1 and Step 2 of the proof of Theorem 13. 21 
simply by Step 1 and Step 2, respectively. 

Let G be a connected graph on n vertices with A(G) = k. As explained 
in Remark 13. 4^ if G is complete or G is a cycle, then constructing a largest 
independent set is trivial. Suppose G is neither a complete graph nor a cycle. 
Then, by Corollarv 13. 5[ a{G) > [|] and the bound is sharp. For the case 
when k does not divide n — 1, Step 1 provides a quick algorithm for obtaining 
an independent set of size at least j"^^] = [f ] • For the remaining case when 
k divides n — 1, the inductive argument used in Step 2 indicates an efficient 
algorithm for constructing an independent set of size at least j"^] . 
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Indeed, suppose k divides n — 1. We first apply the procedure in Step 1. 
Let Jo = and Wi = Vi. 

If m = 1 then n = k + 1, and the algorithm for this trivial case is given 
in Step 2. 

Now consider m > 2. As explained in Step 2, if |VFi| < k for some 
ie {2,...,m}, then |/„| > [f ] . 

Now suppose \Wi\ = k for any i G {2,...,m}; so m = ^^^. As we 
showed in Step 2, if G has two non-adjacent vertices x and x' in Wm, then 
Im-i U {x, x'} is an independent set of G of size ^^ + 1 = [|] . 

Finally, suppose any two distinct vertices in Wm are adjacent in G. Let 
Gm = G and G'^ = Gm- Let if, w, w' and y be as in Step 2, and let us 
label these Gm-ij Wm, w'^ and Um-i-, respectively. Note that we can write 
Gm-i = G'^[Kn-i]- As explained in Step 2, if w[^ has a neighbour y' = i/^„i 
in Kn_i, then t/^^^ ^ tjm-i and we define G'^^-i by ^(C^-i) = V'(G'm„i) 
and E{G'^_^) = E{Gm-i) U {{ym-i,y'm-i}}- If «^m has no neighbour in 
Vm-i, then we take y'^^^ = t/„_i and G'^_^ = Gm-i- If W^m-i 7^ W^i and 
any two distinct vertices in Wm^i are adjacent in G^^^i, then we obtain 
«^m-i,^f^m-i,l/m-2,l/m-_2> G'm-2 = G'^»_jKn_2] and G'^_2 from G^^^^ similarly 
to the way we obtained w^, w^,|/m^i,ym-i) Gm-i and G^-i from G'^, and 
we keep on repeating this until we obtain a graph G'^_i such that either 
(i) G[._i has two non- adjacent vertices x and x' in Wr-i or 
(ii) r = 2. 

Suppose (i) holds. Then, setting Il._^ = Ir-2^{x,x'}, we have that J^_^ is 
an independent set of G'^_i of size r. The main fact that we need to recall is 
that for any r < i < m, yi^i is the unique neighbour of Wi in V^_i, and if y[_^ 
is a neighbour of w'^, then w'^ has no other neighbours in Vi_i, t/^'.^ 7^ |/j_i and 
l/,'_i is adjacent to t/i_i in G'-_i. If yr-i ^ y^_i, then {yr-i,y'r^i} e E(G'^_i), 
at least one of y^-i and y^_^ is not in {x, x'}, and we take /^ = I'^^-^ U {"U^^'}, 
where w^' = Wr if l/r-i ^ {a^, x'}, and w^' = w^ if l/^-i ^ {^) ^'}- If l/r-i = v'r-i^ 
then we take /^ = /'._^ U {w'.}. So /^ is an independent set of G'^ (and also of 
Gr) of size r + 1. If m = r, then we are done. Suppose m> r + 1. \{ y^ E /^, 
then we take /^^^ = /^ U {"U^^+i}! otherwise we take I'^j^^ = J^ U {Wf+i}. So 
/^_,_^ is an independent set of G'^j^^ (and also of G^.+i) of size r + 2. We go on 
like this until we obtain an independent set /^ of G of size m + 1. 

Now suppose (i) does not hold. Then r = 2 and any two vertices in 
G'j._i = G'l are adjacent (that is, G[ is complete). As shown in the last part 
of Step 2, there exists a vertex W2 in W2 that has no neighbour in Vi and 
{yi,y'i, W2} is an independent set of G2 of size 3. If m = 2, then we are done. 
Suppose m > 3. Let I2 = {yi, y'l, W2}. From the last part of Step 2, we know 
that the neighbours of yi and y[ are all in V2. Thus, since 1/2 and 1/2 have 
neighbours in Ws, we have 1/2,1/2 ^ {yi, y'l}- So at most one of 1/2 and y'2 is in 
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Jg. If 1/2 £ -^2! then we take Jg = /2 U {1^3}, otherwise we take Jg = Jg U {^3}. 
So Jg is an independent set of G'^ (and also of ^3) of size 4. We can now 
extend this to an independent set /^ of G of size m + 1 as above. 
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